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Abstract. 

One considers phase-space noncommutativity in the context of a Kantowski-Sachs 
cosmological model to study the interior of a Schwarzschild black hole. It is shown that the 
potential function of the corresponding quantum cosmology problem has a local minimum. One 
deduces the thermodynamics and show that the Hawking temperature and entropy exhibit 
an explicit dependence on the momentum noncommutativity parameter, 77. Furthermore, the 
t — r = singularity is analysed in the noncommutative regime and it is shown that the wave 
function vanishes in this limit. 



1. Introduction 

The microscopic properties of black holes (BHs) and the singularity problem most likely require 
a quantum theory of gravity to be properly understood. Given that this theory is beyond reach, 
a quantum cosmology approach based on the minisuperspace approximation might be a helpful 
guideline. In this context noncommutative features should not be discarded. If so, one should 
seek for a noncommutative version of the Wheeler-DeWitt (WDW) equation for BHs. 

In this contribution one presents a study of the interior of a Schwarzschild BH [lj using a 
phase-space noncommutativity of the Kantowski-Sachs (KS) cosmological model developed in 
Ref. [2j. One obtains the temperature and the entropy of this noncommutative BH and examine 
the singularity t = r = in the context of this noncommutative model. 

A Schwarzschild BH is described by the metric 



where r is the radial coordinate. For r < 2M, within the horizon of events, the time and radial 
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coordinates are interchanged (r t) and space-time is described by the metric 

dg2 = _ / 2M _ ^ - 1 ^ + /2M _ \ ^ 2 + t2( ^ 2 + g . n2 ^ 2) (2) 

That is, an isotropic metric turns into an anisotropic one, implying that the interior of a 
Schwarzschild BH can be described by an anisotropic cosmological space-time. Indeed, the metric 
([2]) can be mapped into the KS cosmological model [3], which, in the Misner parametrization, 
can be written as 

ds * = _ N 2 dt 2 + e 2V3/S dr 2 + e -2V3(p+a)^ + ^2 M(p2) (3) 

where f2 and f3 are scale factors, and N is the lapse function. The following identification for 
t < 2M, 

N 2 = nM_ i y 1 e 2Vsp = (^L_ 1 \ 5 e -2V-W e -2Vsn = t 2 ) (4) 

allows for mapping the metric Eq. Q into the metric Eq. ([2]). 

Thus, it is assumed that, at the quantum level, the interior of the BH can be described by 
the phase-space noncommutative extension of the quantum KS cosmological model. Recently, 
the noncommutative Wheeler-DeWitt (NCWDW) equation of this problem was obtained and 
its solutions calculated explicitly. From this new NCWDW equation one computes the partition 
function for the Schwarzschild BH through the Feynman-Hibbs procedure [3], in order to get 
the temperature and entropy of the BH. These quantities are explicitly dependent on the 
noncommuatative parameter, rj Furthermore, the solutions of the NCWDW equation 

provide some insight about the BH singularity. It is shown that these solutions vanish in 
the neighbourhood of t = r = 0, but that this does not necessarily imply a vanishing 
probability of finding the system at the singularity pQ. One concludes that canonical phase- 
space noncommutativity is insufficient to ensure the avoidance of singularities. Interestingly, 
the obtained results suggest that the singularity may be removed through other forms of phase- 
space noncommutativity. 



2. Phase-Space Noncommutative Quantum Cosmology 

The ultimate structure of space-time should be determined by quantum gravity, and at this 
scale, presumably Planck scale, space-time might be noncommutative [£]. Before addressing the 
problem at hand, one discusses the mathematical background of the model. 

Noncommutative quantum mechanics has been extensively discussed in the last few years [6]. 
A canonical extension of the Heisenberg-Weyl algebra is considered and time is assumed as being 
a commutative parameter. The theory is set in a 2d-dimensional phase-space of operators with 
non-commuting position and momentum variables. Thus, the noncommutative algebra reads0 



=iQij , [qi,Pj] = ti>ij , \Pi,Pj]=irHj > i,j = i,..-,d 



(5) 



where rjij and Oij are antisymmetric real constant (d x d) matrices and Sij is the identity matrix. 
The extended algebra is related to the standard Heisenberg-Weyl algebra: 







Ri , n j 



iU8. 



IJ , 



, i,j = 1, ...,d , 



(6) 
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by a class of linear (non-canonical) set of transformations: 



(4,4) 



pi = pi [Rj,U 



(7) 



the so-called Seiberg-Witten (SW) map^|. 

One reviews now some features of the phase-space noncommutative extension of the KS 
minisuperspace model [2j. At least, two scale factors are needed in order to impose the 
noncommutative relations. Classically, one has the noncommutative Poisson algebra imposed 
on the scale factors /3, £1 and on their conjugate momenta Pa, Pq: 



{n,p n } = i , {p,p p y = i , 



{Pa,P/s} = 7 1 



(8) 



Through the ADM formalism and taking O, /3 as configuration variables, one derives the 
Hamiltonian for this system, 



H = NU = Ne^ +2V ^ n 



P 



p2 



+ -z- - 2e 
24 24 



(9) 



Choosing the lapse function associated to the KS metric, Eq. ([3D, as N = 24e~^ l3 ~ 2 ^ n one 
obtains a system of equations of motion for this problem [2j. For the noncommutative Poisson 
algebra (JS]), these read: 

n = -2P Q , (a) 

P n = 2 v Pp - 96V3e- 2V * n , (b) 

$ = 2Pp- 96V39e- 2V ^ n , (c) 

Pp = 2 v P n . (d) (10) 

An analytical solution of this system is difficult to obtain given the entanglement of the variables. 
However, one can get a numerical solution that yields some predictions for the relevant physical 
quantities [2]. Moreover, one finds that Eqs. (fTUh ) and (fTUH ) yield a constant of motion 



P 



-r,{-2P n ) = - V n^ P(s + r]Q = C , 



(11) 



which is crucial to solve the phase-space NCWDW equation. 

The canonical quantization of the classical Hamiltonian constraint, T~L ~ 0, based on the 
ordinary Heisenberg-Weyl algebra, yields the commutative WDW equation for the wave function 
of the universe. For the simplest factor ordering of operators this equation reads 



48e' 



-2-v/3SY 



^(n, / 9) = o. 



(12) 



where Pq 



are the fundamental momentum operators conjugate to fl 



n 



and /3 = (3, respectively. The quantization of the classical algebra 
following noncommutative algebra: 



), is achieved through the 





= 1 , 




= i , 




= i0 , 


Pa,Pp 



IT] 



(13) 
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0: 



One can relate this noncommutative algebra with the Heisenberg-Weyl algebra via a SW map 



where the index c denotes commutative variables, i.e. variables for which 
and 



(14) 



Pn c , Pa 



&c,Ptt c = Pc,P/3 c = i- It is possible invert the transformations Eqs. (|14|) as long as 

£ = 0»7<1. (15) 
The dimensionless constants A and /i satisfy the relationship [2j 

(16) 



(A/i) — \(i + - = ()<$■ \fi= 



Thus, Eqs. (j!4j) allow for a representation of the operators (|13p as self-adjoint operators acting 
on the Hilbert space L 2 (IR 2 ). In this representation the WDW Eq. ()12p is deformed into a 
modified second order partial differential equation, which exhibits an explicit dependence on the 
noncommutative parameters: 



d r] 



.3 7] 



48exp 



/ d 

-2V3(\n c + i : 



2\dp t 



if>(n e ,p c ) = o. 

(17) 



From the constant of motion, Eq. (jlip . one defines a new constant operator A = 9 , from 



which follows that: 



vPp c + ^flc = A 



(18) 



As this operator commutes with the noncommutative Hamiltonian of Eq. (|17p . one looks for 
solutions of Eq. (fT7|) that are also eigenstates of A. A generic eigenstate obeys the eigenvalue 
problem 

(d i] \ 



(19) 



where a e H El. Thus, 



i/j a (^c, Pc) = ^a(^c) exp 



Substituting this solution into Eq. (fT7|) implies that <p a (z) = 3i a (fi c (z)) satisfies: 
<^(z) + (r/z-a) 2 ^ a (z)-48exp [-2^3z + j—a](j) a {z) = , 



where one has introduced the new variable 



2 



/i 



(20) 



(21) 



(22) 



So, one has found a second order ordinary differential equation which actually can be solved 
numerically. This equation depends on the eigenvalue a and on the noncommutative parameters 
and rj. 




Figure 1. Potential function for some typical values of rj and c: (a) The potential function for 
the noncommutative case, 9^0 and rj = and (b) The potential function with rj ^ 0. 



3. Thermodynamics of Phase-Space Noncommutative Black Hole 

In order to get the temperature and the entropy for the phase-space noncommutative BH, one 
computes the partition function through the Feynman-Hibbs procedure [7]. This method is 
based on the minisuperspace potential function obtained from Eq. (|2 1 1) : 



— \F\9 

V(z) = 48exp [-2\/3~z+ Xr— a] - (rjz-af . (23) 

\jl 

After a change of variable, x = z — 2^ a, the potential becomes 

V(x) = 48 exp (-2\/3x) - (rjx - c) 2 , (24) 

where c = Pg(0) + r/£l(0) is a constant from the classical constraint. 

In Fig. [T]one presents the potential function for the noncommutative case, 9^0 and rj = 0, 
and the noncommutative case, where rj = 1.5. One sees that, qualitatively, there is no difference 
between the commutative case and the noncommutativity one for the configuration variables 
(rj = 0, 9 0) [8], that is, there is no local minimum. Thus, only when the noncommutativity 
in the momentum sector is introduced that one obtains a local minimum of the potential. The 
values of rj used in Fig. Q]are fairly typical and the qualitative behaviour of the potential function 
is similar for other values. The constant c is obtained using P«(0) = 0.01. Notice that the wave 
function, solution of the reduced NCWDW Eq. (f2Tj) . is well-defined for the chosen values of rj 

In order to use the Feynman-Hibbs method one expands the exponential term in the potential 
function in Eq. (|24j) to second order in (x — xq), where the minimum xq is given by pQ 

dV 
dx 

The relationship, 

C 2 

exp (-2V&ro) = (D - ^=x , (26) 

and the fact that the second derivative of the potential is positive, define the minimum of the 
potential function, 

6 exp (-2V3xo) -C 2 >0^x < —L]n(^j , (27) 



Xo = -96\/3exp (-2V3a?o) - 2r?(r/x - c) = . (25) 



where ( = r//4\/3 and D = c/12. Thus, the NCWDW equation becomes pQ 

" + 2 ^ 6e ~ 2 ^ X ° ~ ~ x °)^ + [24e- 2 ^ - ifaaro - c) 2 ]</> = . (28) 

This equation is analogous to the Schrodinger equation of the harmonic oscillator. So, one can 
identify the potential function as 

V NC (y) = 24(6e- 2 ^'o _ C 2 )y 2 j (29) 

where y = x — xq. The Feynman-Hibbs procedure allows for introducing quantum corrections 
to the partition function through the potential, i.e. the quantum correction to the potential is 
given by [3], 

^V^ c (y) = 2p BH (6e- 2 ^ _ ft > (30) 

where 0bh is the inverse of the BH temperature. The noncommutative potential used to compute 
the partition function is the following, 



Thus, the noncommutative partition function is given by 



U NC (y) = 24(6e- 2 ^o _ ft f y 2 + P^.\ (31) 



Znc = J j= tt— exp f-2/3 2 H (6e~ 2 ^ X0 - ( 2 ) ] . (32) 

V 48(6e- 2 ^o - C 2 ) Pbh L BHK - ^ 



1 1 

V3x _ ft p gl 

The noncommutative internal energy of the BH, E^c = — q^ bh ln-^jVCj is given by 



Enc = ^— + H6e~ 2 ^ X0 - ( 2 )(3 BH . (33) 

PBH 



Setting that E^c = M, one derives the BH temperature 



R M 
PBH 



8(6e- 2 ^o _ (2) [ V M 2 



l M -i|(6c ^»-C^ 



(34) 



The BH temperature is given by inverting, Eq. (|34p . Assuming that M >> 1 and taking the 
positive root, then: 

T B H = ^(Se- 2 ^-( 2 ) . (35) 

Notice that this quantity must be positive (cf. Eq. (|27p). To compare this result with the 
Hawking temperature Tbh = s^mi one should be cautious as the limit rj — > is ill-defined. 
Notice that Eq. (|3"5"j) has the same mass dependence as the Hawking temperature 

T BH = m , (36, 

where 6(C) = A{<oe~ 2 ^ xo - C 2 ). 

One can recover the Hawking temperature even in the presence of the momentum 
noncommutativity for a specific value of rj. Indeed, equating (|35p with the Hawking temperature 
and using the stationarity condition Eq. (|26p . one gets for c = 12L> = 5.68: 

x = 1.8478 r] = 0.025 . (37) 



Since 77 cannot be exactly equal to zero, one uses 770 = 0.025 as a reference value which yields 
the Hawking temperature. As 7/ increases one gets a gradual noncommutative deformation of 
the Hawking temperature. 

Finally, through the relationship, Snc = hi^NC + PbhEnc one obtains the phase-space 
noncommutative BH entropy: 



2 



1 M 2 46(C) \ M 2 / 46(C) . 



Once again, as M >> 1, neglecting terms proportional to M -2 yields 

For 77 = 770, fr(Co) = 1/(871"), one recovers the Hawking entropy and some "stringy" corrections 

[2tt 

S B h = 4vrM 2 + In J ln(8vrM) . (40) 

V 3 



4. Singularity 

One examines now the r = t = singularity. Notice that one employs the KS metric to describe 
the interior of the Schwarzschild BH through the identification Eq. (|4"|). Thus, t = corresponds 
to O — > +00 and (3 —> +00. Therefore, one is interested in studying the limit 



Jim ip(n c ,p c ) , 

U c ,p c -++oc 



(41) 



where ijj(£l c ,/3 c ) is a generic solution of Eq. (fT7|) . In terms of the eigenstates of A Eq. (fTHj) . the 
solutions of Eq. (fT7|) can be represented by 



^(fi c ,/3 c ) = / daC(a)M^c,Pc 



where C(a) £ C and ^ a (O c , /3 C ) is of the form 

T2 



1p a ({l c , (3 C ) = (/) a ( — ) exp 



- (a - —tt c ) Pc 
L/i V 2/i 



(42) 



(43) 



and (f> a (z), z = Q c / 1 \i satisfies Eq. (|2ip . For f2 — )• 00, one keeps only the dominant terms, such 
as 

£(z) + (rjz - a) 2 <j> a {z) = . (44) 
This equation can be rewritten for 77 7^ as 

f d 2 



dz 2 



r) l z l <t> a (z) = , 



(45) 



where one has performed a change of variables, z = z — ^ and <f> a (x) = <fc a (x + ~). As can be 
clearly seen, this equation is similar to the eigenvalue equation of an inverted harmonic oscillator. 
This Hamiltonian is self- adjoint in L 2 (IR 2 ), its spectrum is continuous and its zero eigenfunction 
(the solution of Eq. (USD) displays the asymptotic form (for 77 ^ 0) [TU] 

7 1 

exp 



r*K~J ~i/2 
and so, for all a, 



±l — Z 

2 



(46) 



lim a («)= lim a (z--) = O =► lira M^c, Pc) = (47) 
z-H-00 ^— s>+oo 77 f2 c „s c — >+oo 

Therefore, considering a fairly general choice of coefficients C(a), it is expected that 

lim </>(O Cj /3 c ) = 0, (48) 

O c ,/3 c — >+oo 

which is a necessary condition to provide a quantum regularization of the classical singularity of 
the Schwarzschild BH. However, one should be cautious before concluding that the probability 
of finding the BH at the singularity is zero. Although the calculation of probabilities for general 
covariant systems is a delicate issue, in here, given that the wave function is oscillatory in 
/3 C , it is natural to fix a /3 c -hypersurface, corresponding to the introduction of the measure 
S(/3 — f3 c )d(3dQ c in the probability distribution. The probability P(r = 0,t = 0) of finding the 
BH at the singularity is then given by 

P( r = ,i = 0)= lim / \m'c,Pc)\ 2 dn' c ~ lim / |^ a (-£)| 2 ^ (49) 

which, unfortunately, is divergent. This follows from the conclusion (which can be derived 
from the asymptotic expression) that the inverted harmonic oscillator displays non-normalizable 
eigenstates. Hence, the noncommutativity of the form (|13p cannot be regarded as the final answer 
for the singularity problem of the Schwarzschild BH. 
However, if one considers instead a Hamiltonian like 

d 2 

H = —^ + V(x) , V(x) ~ -r] 2 x 2+2e (50) 
for some e > 0, one concludes that it displays zero energy eigenstates solutions of the [9] 



1 



which are normalizable. One can then conjecture that a suitable deformation of the 
noncommutative structure (fl~3|) may lead to a NCWDW equation associated to a potential 
of the form V(x) ~ _^ 2 x 2 ( 1 + e ) f or some arbitrarily small e > 0. The solutions of this new 
NCWDW equation would then display vanishing probability (in the sense of Eq. (09])) at the 
singularity, thus solving this problem for the Schwarzschild BH 

5. Conclusions 

In this contribution the temperature and the entropy of a phase-space noncommutative 
Schwarzschild BH have been computed. This has been performed through a KS cosmological 
model and the NCWDW equation of the problem. 

The t = r = singularity was examined in the same context and found that for t = 0, or 
Q, (3 — >■ +00, one encounters the Schrodinger problem of the inverted harmonic oscillator. The 
wave function vanishes in this limit, but given that it is not square integrable, it is not possible 
to conclude that the probability vanishes at the singularity. However, the discussed approach 
suggests that this feature may be achieved through more general noncommutativity relations 

HQ. 
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